Note one , Math21A
J. Yin
April 29, 2009

1 Introduction

1.

Lecturer: Jun Yin, JYin@math.harvard.edu BP Aésistant Professor,

© Office: 230 Science Center.

. CA: Jenny Wang, Junior, Wang24@Qfas.harvard.edu.

. Office Hours: T, Th 7pm-8pm, or by appointment.

Horriework: The first part is due on Thursday and the next two are
due on Tuesday (before the class). '

2 Three dimensional Rectangular Coordinate Sys-

tem

Deﬁnition and Notations

1.
2.
3.
4.
5.

Fixed point O(origin)

X, v, Z axis (stvraightllines with direction)
Perpendicular to-each other (12 right angles)
right hand rulé »

Three coordinate axis, three coordinate planes, eight octants

" The point can be represented by a ordered triple (z,y, z)

1.

2

Which point is (1,2, 3)

Can we change the order of the procedure?



3. Is (1,2,3) equal to (3,2,1)7
Examples:

1. What does the equation z = 3 represent in space?
{(z,y,2) 1z =3} ‘ (1)

2. What is the distance from point (1,2, 3) to xy-plane?

3 Distance

Definition and Formula

1. The definition of Distance (in space?): Distance of two points is the
length of the line segment between these two points.

_2. Notations:
diSt(Pl,Pg) or |P1P2| (2)

3. The distance of two points in plane. Pythagorean theorem. What is
the distance from (0,0) to (1,2)?

4. Calculate the distance between (0,0,0) and (1,2, 3).

5. Distance Formula:

dist((x1, y1, Zi)a (?Cz,yz,zz)) =V(z1—22)? + (y1 —12)? + (21 — ZQEQ)
‘ 3

Examples:

1. Find an equation for the surface of the sphere-with radius 3 and center
(2,1,3).

2. Find the center and radius of the following sphere:
24?422 42+ 4y +62=0 (4)
(z+7)2 + (y+7)% + (247)? =7 (5)

3. Find an equation for the set of all points whose distance from (0,0, 1)
- is twice as the distance from (0,0, —1).



4 Vector

What is vector?

1.
2.
3.

4.
9.

A quantity which has both magnitude and direction
Force, velocity, 20 feet, 2 o’clock

Displacement vector, AB: initial point A, terminal Point B, magnitude
is |AB|, direction is from A to B.

Equivalence.

zero vector has no direction

Vector addition

1.
2.
3.

Triangle Law
Parallelogram Law

Example. (same magnitude, opposite direction?)

Scalar Multiplication

1.
2.
3.

4.

Definition of cv(c > 0).
Definition of —v
What is the meaning of u — v?

Example. v+v=2v,v—-v =0

Components

1.
2.

(z,y,2) is a point, (z,y, z) is vector.

If A= (1,0,2) and B = (3,0,6), then AB = (?,2,7).
The length of (z,y, z) is equal to /22 + y? + 22

Vector addition and Scalar Multiplication

. Unit vector, ,7,k, (2,4,3) = 2i + 45 + 3k

Example 7 in textbook.
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1 Vector

What is vector?
1. A quantity which has both magnitude and direction
2. Force, velocity, 20 feet, 2 o’clock

3. Displacement vector, AB: initial point A, terminal Point B, magnitude
is |AB|, direction is from A to B.

4. Equivalence.
5. zero vector has no direction
Exercise:
1. Let A= (1,2,4), B = (2,3,2), what is |AB|, |BA|, AB, BA.
2. If OC = AB, the point C is (7,77 '
Components
1. (z,y,2) is a point, (z,y, z) is vector.
2. The length of (z,y, z) is equal to \/m
3. Vector addition and Scalar Multiplication. Check v+v = 2v, v—v = 0.
4. Unit vector, 1),>j, k, 1= (1,0,0). (2,4,3) =21+ 45 + 3k

5. Example 7 in textbook.



2 Dot product

1. The dot product ¥ - @ of two vectors ¥ and w is a real number and it
is defined as follows.

o If ¥ and W are two-dimensional vectors, say ¥ = (vi,v9) and
= (w1, wsy), then their dot product is viw; + vowsa.

SL

e If ¥ and W are three-dimensional vectors, say ¥ = (vy, v, v3) and

—

W = (wyq, we, ws), then their dot product is viwy + vows + vzws.

It is not possible to dot a two-dimensional vector with a three-dimensional
vector!

Is ¥+ 0 equal to |U]|w|cosh?
2. Examples.
3. Properties.
4. Questions

e True or false: if @, ¥, and W are vectors of the same dimension,
— then @ - (¥ @) = (¢ ¥) - W.
e What is the relationship between ¥ ¥ and 7|7
o Is ¥'- 4 equal to |4]|w|cosd?
e Find the angle between (1,2,1) and (1,—1,1).
5. ProjectiQFn‘
e Scalar projection of b onto a:
@b

Compeb = @

e Vector projection of b onto &:

Progab =

¢ Find the vector i:)rojection of (0,0, 1) onto (1,2, 3).

o If |7+ @2 = ||7]]2 + ||@]|2, we have?



7

3 Cross product

1.

Definition.

The Cross product ¥ x @ of two vectors ¢ and w is a vector and it is |
defined as follows. ’

e The length |&@ x b| = |&||b|sin 6
e Direction 7, where 7 is the unit vector orthogonal to both @ and
b so that {a,b, n} satisfies the right hand rule.

Exercises:

. The Cross product in Component Form Remember the determinant

expression or remember this expression (4 = (u1, ug, uz), ¥ = (v1, v, v3))
U X U= (ugvs — UgU3, UzV] — UIV3, U1V — UQV]) (1)

Exercises: ’
(1,2,3) x (0,1,-1)

. Other properties

e Any two non-zero vectors ¥ and W determine a parallelogram.
What is the relationship between the area of the parallelogram
and 7 X . '

X w, then v = w, true or false?

and @ - @ = 0, then one of ¥ and & is equal to 0

. The physics meaning of @ - (b x @). The volume of the parallelepiped

dtermined by these three vectors.

. The distance between point and line:

If P is a point in space and @ is a vector , there is a line £ which goes
through P and is parallel to «. The line can be described concretely as



the set of all points R such that PR = il for some t € R. Sometimes
you may also see the line written as £ = {OP +t@ : t € R}.

Question: If @) is another point in space, what the distance between
@ and this line /4.

Me _mc~—i Me 4 i

D (oo d)® D T ({u,m}) = (p-1hu)* (1 - —)

i=1 m=0 i=1 ¢
isn’t that

S v{ump)z1- 3 U({um}) 21

m=0 m>2me—i
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1 Equations of Lines

1. Find the equation for the line that passes through points P} = (1,2, 3)
and P, = (4,6,5). '

(a) Two pomts determine a line.

(b) Point @ = (:c y,2) is on this line if and only if PiQ is parallel to
P1P2u Le. )

(r—1,y—2,2+-3)=t(4—-1,6—-2,5—-3) (1)
2. Three equivalent Equations.

(&) Vector Equation
(b) Parametric Equation

- (¢) Symmetric Equation

3. Example: Find a vector Equation for the hne that t passes through the
point (5,1,3) and is parallel to the vector 7 + j — k

2 Equations of Planes

1. How-can we describe a plane in space?

A plane in space is determined by a point Py(zo, %o, 20) in the plane
and a vector 7 that is orthogonal to the plane.

7i- PPy = 0 <> The point Py is in the plane

2. Property and Example: Find an equation of the plane that passes
through the points P(1,3,2), Q(3,—1,6) and R(5,2,0)



(a) What is 7 for this plane?
(b) In what point does this plane intersect with zy-plane?
3. The angle between two planes.
(a) The angle between two planes is defined as the angle between 73

and ’fiz .

(b) Find the angle between the planes z+y+2z = 2 and a:‘—3y—|—zk =09.
4. The Distances v

(a) Find the distance from the point (0,1,1) to the plane 2z + 3y +
4z = 15.
Draw a line.

(b) Find the distance from the point (1, 3,2) to the linez/3 =y—1=
z+ 2.
Draw a plane.

3 Functions and Graph

1. Function of two variables:

Q:Find the domain and range of the following function.
flzy) = va—a? —y?

2. Graph:

If f is a function of two variables with domain D, then the graph of f
is the set of all points (x,y,2) in R® such that z = f(x,y) and (z,y)
isin D. ‘ ’ ,
Q: Sketch the graph of the function flz,y) =6 —3x—2y
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1 Functions and Graph

1.

Function of two variables:

Q:Find the domain and range of the following function.

f(.’l:,y)z V4~$2_y2

Q: Sketch the graph of this function.

. Graph:

If f is a function of two variables with domain D, then the graph of f
is the set of all points (x,y, z) in R3 such that z = f(z,y) and (z,y)
isin D.

Q: Sketch the graph of the function f(z,y) = .

. Traces Qf the surfaces

Keep z fixed by = k and letting y vary, the result is z = /4 — k2 — y2.
This curve is the cross section of the graph and the plane z = k.

Similarly we can fix y or z. All three types of curves are called Traces. \

" Q: Sketch the traces z = k for flz,y) =4 —22—9y?

Q: Match the traces with the graphs.

. Quadric surface

The set of the pdints (z,y, z) which satisfy some fixed second-degree
equation in three variable z,y, z.

Q: What is the Quadric surface for z = /4 — 22 — y2, how about

z=—+/4—22—y2and 22+ 2> +¢y? =4



Q: Sketch the quadric surface with equation
224929+ 2% /4=1

and
(x—1)2+ @ +2)?2/9+ (z—-4)?/4=1

5. Some gfaphs of quadric surfaces Qﬁ 682

I RN
(2) Ellipsoid: %5 ¥ LI vE ) - ﬂzw,“\
(b) Hyperboloid of one sheet . é’l AR i

I .
E3 “\

;».,}

(c) Hyperb%imd of two sheet 3&-’; i%
(d) Cone <z ¥ 3 fg fO o
() Elliptic Paraboloid 2~ %5 Xy 1;5
(f) Hyperboloid para,b0101d

&

-,
) Lo waw vy i¢=z= O

O

1)

2)
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1  Vector Functions
1, Input: real number
2. Output: Vector

3. Simple Example: The parameter equation for a line that passes through
(1,2,1) and parallel to 7: (1,3,5)

F(t) = (1,2,1,) + £(1,3,5,) = (1 + )i + (2 + 3@)5’+ (1+5)k (1)

4. Example 2: Helix.

7(t) = costi + sint] + th (2)

2 Space Curves

In the example of Helix, you are given a vector function and asked for

. . . . ’ -’ . - . . )
geometric description. Now, you are given a geometric description of a
curve and are asked for a parametric equation.

1. Find a vector Function that represents the curve of intersection of the
cylinder 22 + y? = 1 and the plane y + z = 2.
Q: . . .
costi+sinty + (2 —sint)k

2. Match the functions and curves.



3 Derivatives of Vector Function

1. What is the derivative of Vector Function?

Derivative of normal function

Bl _ SR~ FO |
KL ©

Derivative of Vector function

Elid(t_tz___}lbigér(t-l-h;-r(t) )
2. Limit.
3. Tangent‘ Vector.
4. How can we calculate it?
If 7(t) = f(£)i + g(t)] + h(t)k, we have:
(1) = [T+ ¢ () + KDk ()

A: Find the parametric equation for the line tangent to the helix we
discussed at the point (1,0,27).

4 Integrals of Vector Function

1. What is the integrals of Vector Function?

o= [rwi [ M+/hUE (©
2. Derivative and Integral. Let 7(t) be a continuous function. If
b —
/ 7(t) = R(b) — R(a) o
a

then R'(t) = 7(t).

3. Position and Speed.
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1 Arc length

1.1 Definition
The limit of the length of inscribed polygons.

1.2 Formula

If 7(t) = (f(t), g(t), h(t)), then the length from (a) to 7(b) is equal to

b .
- [ VIFOP+EOF + WOP o
or
b
L= / 7 (8) dt @)
Example: Find the length of the arc of the helix from point (1,0, 0) to point
(1,0, 27).

Important: The arc length is independent of the parametrization.‘ We
can define a arc length function s(t) (it is not a vector function)

dﬂ=£ﬁ%ww,ﬂﬂ=wwl 3)

1.3 Parameterize a curve with respect to arc length

Example: Helix again.
7(s) = cos(s/V2)i +sin(s/vV2)] + s/V2/k (4)

What is the arc length between 7(1.6) and 7(2.7).



2 Curvature

Unit tangent vector:

= (1)
T(t) = —
]
Curvature is defined as
A O]
“las| T T

Curvature measures how fast this vector rotates.

2.1 Examples
1. A: Calculate the Curvature of straight line.

2. A: Calculate the Curvature vof a circle of radius a.

We can also use the following formula:

|7 () x 7 "(0)]

x 7!
K= 5 3
177 (t)]

3 Normal and Binormal Vectors

First we have |T(t)| =1 and T '(t) - T(¢) = 0.

3.1 Normal vector

Normal vector is defined as

. T'(t)
N(t) = —=
W= i)
So N(t)-T(t) = 0.
3.2 Binqrmal vector
B(t) =T(t) x N(t)

What is the magnitude of B(t)?




3.3 normal plane and osculating plane

1. Normal plane at P = 7(t) is the plane that pass through P and or-
thogonal to T'(t). So B(t) and N(t) is parallel to this plane.

/

2. Osculating plane at P = 7(¢) is the plane that pass through P and
orthogonal to B(t). So B(t) and N(t) is parallel to this plane.

A: Calculate the Osculating plane for a circle on z — y plane.
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1 Polar coordinates

Polar Coordinates is a two-dimensional coordinate system.
Point (z,y) can be represented by (r,6) s.t.

z=rcosf and y=rsind (1)

We can see that 7 and 6 can be obtained as
| r? =22+ y* and tanf = y/z 2) -
1. r is the distance between P and origin O.

2. 6 is the angle between OP and z-axis.

Q: In polar coordinates, what shapes are described by 7 = k and 0 = k,
where k is a constant?

2 Cylindrical coordinates

Cylindrical Coordinates is a three-dimensional coordinate system.
Point P: (z,y, 2z) can be represented by (r, 6, z) s.t.

z=rcosf, y=rsinf and z =z - (3)

If we \project Point P on zy plane, i.e. PP is orthogonal to zy plane and
P’ € zy plane, we can see \

1. z is the distance between P and zy plane.

2. r is the distance between P’ and origin O.



3. 6 is the angle between OP' and z-axis.
- Exercise:

1. Q: In cylindrical coordinates, what shapes are described by r =k,
0 = k and z = k where k is a constant?

2. Q: The cylindrical coordinates are (2,27/3,1), find its rectangular
coordinates. .

3. Q: The rectangular coordinates are (3,3,3), find its cylindrical coor-
dinates.

4. Q: Find an equation in cylindrical coordinates for the ellipsoid: 5z2 +
5y? +22=1

3 Spherical coordinates

Spherical Coordinates is a three-dimensional coordinate system.
Point P: (z,y, 2) can be represented by (0,0, ). If we project Point P
on zy plane, i.e. PP is orthogonal to zy plane and P’ € zy plane, we have

1. pis the distance between P and origin O
2. ¢ is the angle between OP and z-axis.

3. 6 is the angle between OP' and z-axis. ,
x = psingcosh, y=psingsing and z = pcos¢ (4)
Exercise: ' ‘

1. Q: In polar coordinates, what shapes are described byr==%k 6=%
and z = k where k.is a constant?

2. Q: The spherical coordinates are (2, 7/4,7/3), find its rectangular co-
ordinates.

3. Q: The rectangular coordinates are (0,2+v/3, —2), find its spherical co-
ordinates.

4. Q: Find an equatlon in recta,ngular coordinates for the surface whose
spherical equation is p = sin sin ¢.

5. Q: Find an inequality for the solid that remains when a hole of radius
2 is drilled through the center of a sphere of radius 5.

[

. Q: The great-cycle distance between P : (p,01,¢1) and Q : (p, 02, ¢2).




4 Parametric Surface

Recall the curve:
m(t) = (z(t),y(t), 2(8)) (5)

Curve is one-dimensional object, so the functions for curves have one
variable.

Surface is two-dimensional object, so the functions for surface have two
variable.

Parametric Surface: .

7(u,v) = (x(u,v), y(u,v), 2(u, v)) : (6)

Q: Sketch the surface with vector function:
7(u,v) = (2cosu, v, 2sinu) (7)

Q: Sketch the surface wi’ch vector function:’

7(u,v) = (sinw cosv, sin usin v, cos u) (8)

5 Grid curves

If we keep v constant by putting v = v, we get a curve given by 7(u,vg)
that lies on the surface 7(u,v). We call these curves grid curves.
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1 Parametric Surface

Recall the curve:
(t) = (z(t), y(t), 2(8)) (1)

Curve is one-dimensional object, so the functions for curves have one
variable. '

Surface is two-dimensional object, so the functions for surface have two
variable. ‘

Parametric Surface:

(u,v) = (z(u,v), y(u, v), 2(u,v)) | 2)

Q: Sketch the surface with vector function:
7(u,v) = (2cosu, v, 2sinu) (3)

Q: Sketch the surface with vector function:
7(u,v) = (sinucos v, sin usin v, cos u) (4)

1.1 Grid curves

If we keep v constant by putting v = vg, we get a curve given by 7(u,vo)
that lies on the surface 7(u,v). We call these curves grid curves.

1.2 Surface of Revolution

A surface generated by rotating a two-dimensional curve about an axis.
Examples: Sphere, Cone. ‘



2 Functions of Several Variables

Q: Find a function which has more than 100 variables.

2.1 Contour Maps

1. A contour line (also level set, isopleth, isoline, isogram or isarithm) of
a function of two variables is a curve along which the function has a
constant value. ‘

2. A contour map is a map illustrated with contour lines.

Examples.

3 Limit
3.1 Definition

We say the limit of f(z,y) as (z,y) approaches (a, b) is L if we can make the
values of f(z,y) as close to L as we like by taking the point (z,y) sufficiently
close to the point (a,b), but not equal to (a,b). We say

lim f(xv y) =L (5)

z—a,y—b"

Example: Show that ijry%z does not exist.

4 Continuity

4.1 Definition

A function f of two variables is called continuous at (a, b), if

lim  f(z,y) = f(a,b) (6)

r—a,y—b

We say f is continuous on D if f is continuous at every point (a, b) in D.

4.2 Method 1

Polynomial function of two variables is a sum of terms of the form cz™y",
where ¢ € R and m,n are nonnegative integers. Rational function is a ratio
of two polynomials.



1. All polynomials are continuous at every point in R2,

2. Rational function is continuous at the point where the de-
nominator is not equal to zero.

Example: Check the continuity of f(z,y) = xy/(z? + y?) at (0,0), if
£(0,0) =0 '

4.3 Method 2
Replace z, y with a + ¢t and b+ ct, ¢ € R. If for some c,

%i_r)r(l)f(a—i-t,b-l- ct) # f(a,b)or = 0o

we say the f is not continuous at (a,b).
Example: Check the continuity of f(z,y) = zy/(z? + y?) at (0,0), if
f£(0,0) =0

4.4 Method 3

It f(z,y) = f(9(=,9)), 90 = g(a,b), g(=,y) is continuous at (a,b) and f(g)
is continuous at go, we say the f is continuous at (a, b).
Example f(z,y) = sin(z? + y?).
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1 Derivative
1.1 One variable

Recall the definition of functions f(z) of one variable,

lim fla+h)—f(a) (1)

h—0 h

It is the derivative of f (with respect to z) at = = a.

1.2 Two variables

If f is a function of two variables, we let one variable vary while y fixed, like
f(z,b) = g(), if g(x) has a derivative at point & = a, we call it the partial
derivative of f with respect to = at (a,b) and denote it by fz(a,b).
With this definition

fula,b) = jim LEH R0 = 70,0 )

Similarly, partial derivative of f with respect to y at (a,b) is defined

as
£, b)_l f(ab+h}1 f(a,b) 3)

If we now let pomt (a,b) vary, we obtain the derivatives in different points.
They become functions

fm(x,y)=1£i_rf})f( o) 1(z9) (@)
PP 21 B [CY) 5



Examples: ,
1. f(z,y) = 2? — y® + 2=y, find f,(2,1) and f;
2. f(z,y) = sin[z? + y?], find f, 77
3. f(z,y) = e ®(cosy — 1), find f4(7,0).

2 Derivative of Functions of more than two vari-
able '

If f is a function of three variables, f; is defined as

fz(w,y,z) = ]-ILL% f(iE +hy, Zf)L - f(iL',y, z) (7)

3 Higher Derivatives

The derivative f; and f, are also functions, so we can consider their deriva-
tives (fz)z, (fy)z> (fz)y and (fy)y, which are called second partial derivatives
of f. We denote them as fiz, fyz, fzy and fyy ,

Examples: f(z,y) = «° + v + 42%2, find f5y and fya.

4 Partial Differential Equations

Question 1: Find the functions u(z,t) which satisfy

Pu % ,
| 52 "o 0 ®)
Question 2: Find the functions u(z,t) which satisfy
o%u  Ou
ot = Bt ®)
and
u(z,0) = S (10)

1. Real Question 1: What is u:(3,0)?

2. Real Question 2: Check u(z,t) = sin(xz — t) is one of the solution of
the first PDE. '



5 Linear Approximation

For many function f(x,y)’s, we have a very useful approximation as follows.
For (z,y) near (a,b), we have

f(ac,y) ~ f(a’u b) + fx(a'a b)(m - a) + fy(a" b)(y - b) (11)

It is called linear approximation at (a,b).
Example: f(z,y) = ze®, find its linear approximation at (1,0) and use
it to approximate at (1.1, —0.1). '

fo = €% +aye™, fy(z,y) = z’e™ (12)

fz(1,0) =1, f,(1,0)=1 (13)
- So we obtain f(1.1,—0.1) ~ 1, and actual value is 0.98542.
When can we use this linear approximation? First we denote
Az = (z—a), Ay=(y—0b), Az=f(z,y)— f(a,b) (14)
We say f is differentiable at (a,b) if Az can be Wfitten as
Az = fi(a,b)Az + fy(a,b)Ay + 1Az + e2Ay (15)

where €; and €2 — 0 when (Az, Ay) — (0,0).
Of course when f is differentiable, we can use the linear approximation.
We have the following easy way to check the differentiabillity of a function.
If f, and f, exist near (a,b) and are continuous at (a,b), then f
is differentiable.
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1 Tangent Plane

Recall the definition of curve, tangent vector and tangent line.
r(t) = (x(t), y(t), 2(1)) (1)

r'(t) = (2't(t), y'(t), 7' (1)) (2)
Consider the surface of f(z,y), i.e., the sets (z,v, f(z,v)). Keep z fixed, say
z = a, we have a curve on this surface (a,y, f(a,v)), we can calculate the
tangent vector and tangent line at the point (a,b). Similarly keep y fixed,
say y = b, we have another curve (z,b, f(xz,b)), we obtain another tangent
line at the point (a,b). The tangent plane at point (a,b, f(a,b)) is defined
as the plane that passes though (a,b) and contains these two tangent lines.

We note these two tangent vectors are: '

(1,0, (e ) 3)
0.1, fy(a,b)) @)
So the tangent plane at point (a, b, f(a, b)) is perpendicular to
(1,0, fo(@,8)) % (0,1, fy(a,B) = (—fula,0),—fy(@,B) 1) ()
So the tangent plane is
2= (@) + fala bz — )+ fy(a,B)(y =) (6)

This plane is important because for most function f (:c, y), locally the points
on the plane is very close to the points on the surface.
For many (not all) functions, we have the following approximation:

‘ f(%, y) ~ f(a’7b) + fx(a'7 b)(m - a) -+ fy(a, b)(y - b) (7)

1



Example: f(a:, y) = ze®¥, find its linear approximation at (1,0) and use
it to approximate at (1.1, —0.1).

fo =€ +zye®™, fy(z,y) = %™ (8)

f2(1,0) =1, fy(l,t;) =1 (9)

So we obtain f(1.1,—0.1) = 1, and actual value is 0.98542.
We can use this approximation when f; and f, exist near (a,b) and are
continuous at (a,b).

-~



Note for First Midterm test, Math21A

J. Yin
April 29, 2009

1 Vectors and the Geometry of Space

1.1 Vectors
1.2 Dot Product
Definition(it is number), Dot product of two vectors,
A- B = cost|A||B] (1)

A-B = 0 means A is orthogonal to B. compaB?(number) projsB?(vector)

1.3 Cross Product

Definition(it is vector), Cross product of two vectors,
]A’ x é’ = sin 0| )| B] 2)
Ax Bis orthogonal to A and B.

1.4 Plane and Line

1. Equation for Line: (one point plus direction), (two points)

2. Equation for plane: (one point plus direction), (one point plus two
directions) and (three points)

3. Distances between different objections.

4. Closest point.



1.5 Functions and Surfaces

What is Surface? Traces. The quadrics in the Table two, Pg682. Match
surfaces with equations. (practice a lot)

1.6 Cylindrical and Spherical Coordinates

Relation between different Coordinate System (We reviewed it last time).
What are 7, p, 0, @7 Write a point in different coordinate system, write
an equation in different coordinate system, write a condition in different
coordinate system (r < 2) (practice a lot)

2 Vector Functions

2.1 Vector Functions and Space Curves

1. Vector Function.

2. Find a vector function that represents some given curve.

2.2 Derivative and Integral of vector functions

1. Derivatives of vector functions, integrals of vector functions.

2. Tangent vector, unit tangent vector, tangent line. -

2.3 Arc length and Curvature
1. Arc length:

b
LI ®)
a
2. Curvature x(t). The curvature of the circle with radius a. How to

calculate x(t). Unit tangent vector, normal vector, binormal vector:

Ti(t) = Ig% ey = L0 By~ T < N @

Normal plane - (orthogonal to T'(t)). Binormal plane (orthogonal to

B(t))

2.4 Velocity and Acceleration
Check your Hw.



2.5 Parametric Surfaces

1. Function of two parameters.

2. Find the surface or equation for some 7(u,v). Find an equation for
(coswu, sinu, v) (practice).

3. Find a parameterization of some given surface. Find 7(u,v) of hemi-
sphere. (practice).

4. Grid curves. Draw Grid curves and tell the curves u =k, v = k.

3 Partial Derivative

Check your HW. If f, > 0, increase z, f is 7. If fz, > 0, increase z, fy is ?



Notev Eleven, Math21A

J. Yin
April 7, 2009

1 Linear Approximation

1.1 Graph
For many (not all) functions, we have the following approximation:
f(@,y) = f(a,b) + fala,b)(z — a) + fy(a,b)(y —b) (1)

Example: f(z,y) = ze*V, find its linear approximation at (1,0) and use
it to approximate at (1.1,—0.1).

fo =€ 4 aye™, fy(z,y) = 2% 2)

fe(1,0) =1, fy(1,0)=1 (3)

So we obtain f(1.1,—0.1) ~ 1, and actual value is 0.98542.
We can use this approximation when f; and f; exist near (a,b) and are
continuous at (a,b).

1.2 Function of more than two variables

f(z,y,2) ~ f(a,b,c) + fz(a,b,c)(x —a) + fy(a,b,c)(y—b) + f.(a,b,c)(z—c)

(4)
1.3 Tangent Plane of Parametric Surface
For parametric surface:
#u,v) = z(u,v)i + y(u,v)] + 2(u,v)E (5)



the tangent plane at point 7(ug, vp) is defined as follows. Keep u constant
by putting u = uo, then 7(ug, v) becomes a curve (Grid curve), the tangent
vector at point 7(ug, vo) is

. 15) - 0 - 0 -
7 (w0, v0) = 8%(“0,00)@ + 3—3(%, v0)j + i(uoﬂ—m)k (6)

Similarly, Keep v constant by putting v = vg, then 7(u, v9) becomes a curve
(Grid curve), the tangent vector at point #(ug,vg) is

Fuluo, v0) = 7o (o, w)i + 57 (w0, v0)f + 5-(uo, )k (7)

The tangent plane is the plane that passes through 7(ug,vg) and parallels
the tangent vector 7, (ug, vo) and 7, (ug, vo).
Example: 7(u,v) = (u2,v% uv). We have:

7y = (2u,0,v) and 7, = (0, 2v, u) (8)
So the tangent plane at point 7(1, 1) is the plane that passes through (1,1,1)
and parallels the tangent vector (2,0, 1) and (0,2, 1). :

1.4 General tangent plane

For a surface S, P is on the surface, C is a curve that passes through point
P and lies on the surface. Then the tangent line of C' at point P is lying on
the tangent plane of S at P. '

2 Chain Rules

Recall the chain rule for the function of one variable.
Example: z = sin(t?), find dz/dt.
A: Consider z = t?, so z = sin(z) and

; _dydx o 9
dz/dt = i cos(z)2t = 2t cos(t*) (9)

2.1 Casel

Let’s look at cases: z = f(z,y) and z = z(t), y = y(¢). For eScample

z=u1x’y, x=sint, y=c¢e (10)



We can see that z is a function with the variable t. We have the formula:
d:_0:zds Dzdy
dt Oz dt Oy dt

Q: Calculate % in (10).
A: We have
dz
= =

2.2 Case 2

Ozdxr Ozdy
dx dt ' Ay dt
2xy cost + z2e’
2sintet + sin t2et

(11)

Let’s look at cases: z = f(z,y) and z = z(u,v), y = y(u, v). For example

z=.7:2——y2, r=uUu+v, y=u—v

(13) .

- We can see that z is a function with the variables u, v. We have the formula:

0z

0z Ox 8z@

ou_ Bz0u | Oy ou

and
0z

0z 0x 0z dy

du” wou ' Byou
Q: Calculate —g—ﬁ in (13) with chain rule.

A: We have
o: _
ou

Check it.

2.3 General Version

0:05 00y
OxO0u Oy Ou
2z — 2y

4u

(14)

(15)

(16)

Suppose that u is a function of the n variables x1, z3 -z, and each z; is
-+, tm/. Then v is a function of ¢, tg...tm

function of the m variables ¢1, £, -

and

u_ Bu gm
8ti - 8%1 8(‘4

Ou Ozq )

EE: A = 8

(17)

Suppose u = 2% + 32 + 2%, £ = s%, y = sin s and z = °. Find du/ds

3



3 Application: Implicit Differentiation

Question: x3 + 93 + zy = 0, find dy/dz. We know it is not easy to obtain
the solution y = y(z). But we can let F(z,y) = 3 + y> + zy and z = =,
y = y(x). Using chain rule, we obtain :

OF dr  OF dy

Because F(z,y(z)) =0, so dF/dz = 0. We can see:

dy 5
Tl (19)
.0y
Calculate the above example:
dy _ 3oy (20)
dr 3y’ —=x

Question: z° + y® + 2% 4+ 2yz = 0, find 9z/0z. Let F(z,y,2) = 2 +1° +
2% + 2yz. We skip the proof, the formula is

= (1)
z Bz

Example: Forz 4z = yz, find gj;. Choose'F(:r, Y, 2) =2+ 2 — yz.
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Note Twelve, Math21A

J. Yin
April 7, 2009

1 Directional Derivatives
The partial derivatives f; and f, at point (zg,yo) are difined as |

f(zo + h, yo) f (o, yo0) (1)

fz(®o,y0) = %in%

fy(wo,y0) = }llir% (:FO’ Yo + h) f (o, y0) @

These numbers tell the rate of change of f in the z— and y—directions. Now
we want to find the rate of change of z at point (zg, yo) in the some arbltary
direction, like the direction which parrallel to (a,b).

1.1 Definition

The Directional Derivatives of f at (zo,yo) in the direction of a Unit
vector 4 = (a,b) is

D,a‘f(xo’ y0> — }%liir%) f(mo + ahy yO +hbh) bt f(fL'O) yo) (3)

Example: f(z,) = 22 — 92 7= (/3. \/}), Find Daf(2,0)

Theorem: If f; and f, are continuous function, we have

Dy f(xo,y0) = fz(zo, yo)a + fy(@o, yo)b | (4)

and
Daf(z,y) = fo(z,y)a + fy(z,y)b - (5)

Check the example we calculated.



1.2 Gradient Vector

We can see the equality (5) can be written as

Daf(z,y) = fo(z,y)a+ fylz,y)b = (fo, fy) < a,b), (6)

which means if we know (f, fy)» we can calculate the rate of change of f
in different directions easily. We define Gradient Vector as this vector

<f:l:7 fy>> i‘e')
V= {fa fy) (7)

It is read del f.

1.3 Function of Three variables
For unit vector @(three dimensional),

f (2o + ah, yo + bh, 20 + ch) — f (2o, Yo, 20)

. ®)

Dﬁf(ivo» Yo, ZO) = ]{1_13(1)

and
Dﬂf(mo,yo,Z[))—: <fﬂc)fy)fz> '<0,, b,C> (9)
Example: f(z,vy,2) = 22 + y? + 22, find the directional derivative of f
at (1,3,0) in the direction of (2,0,1).
1.4 Maximizing the Directional Derivative

The maximum value of the directional derivative Dgzf(xo, yo, 20) is equal to
|V f(z0, Y0, 20)|- It occurs when @ has the same direction as the gradient
vector V f(zo, Yo, 20)- ;

Example: T'(z,y) = x> — y, you are at (1,3), you are moving toward
(5,4), it is getting colder or warmer. In which direction, you will feel warmer
fastest? '

2 Tangent Line to level curve
For g(z,y) = % + 32, draw the level curve(contour curve)

g(z,y) =2"+y* =2,

Find the tangent vector and gadient vector at P = (1,1). For this curve, we
choose 7(t) = V2costi ++/2sintj. We obtain :

7(m/4) = V2T - V2], Vg(1,1) =2+ 2] (10)

2



We have:
r-Vg=0 (11)

Example (When you knwo Vg, in the plane, you can find the tangent line.)

3 Tangent Planes to level surfaces
For g(z,y,2) = 2 + y? + 22, draw the level surface
g(z,y,2) =2® +y* +2° = 3.

Find the tangent plane and gadient vector at point P = (1,1,1). We find
the gadient vector is perpendicular to the tangent plane at the same point.
Normal line to Surface S at P is the line passing through P and per-
pendicular to the tangent plane. '
Examples.



Note Thirteen, Math21A

J. Yin
April 29, 2009

1 Maximum and Minimum Values

It is easy to understand global(absolute) Maximum and Minimum. Let’s
talk about Local Maximum and Minimum. ’

1.1 Local Maximum and Minimum

A function of two variables has a local maximum at (a, ) if there exists a
disk D with the center (a,b). For any other (z,y) in this disk, we have:

flz,y) < flab), (z,y) €D (1)

And the number f(a,b) is called a local maximum value.
Similarly, we can define local minimum and local minimum value.
Question: Is global maximum local maximum?
Answer: True.

1.2 Find the Maximum and Minimum

Recall the method we used for finding the Maximum and Minimum for the
function f(z) of one variable. If f has a local maximum or minimum at
z = a, then

f'(a)=0 )

THEOREM 1. If f has a local mazimum or minimum at (a,b) and the
first-order partial derivatives of f exist there. Then fz(a,b) = 0 and fy(a,b) =
0, i.e.

Vf(a,b) =0 (3)

Proof. If f has a local maximum or minimum at (a,b), we fix y = b. Then
the function of one variable g(z) = f(z,b) has local maximum or minimum
at £ = a. With Fermat’s theorem, we obtain ¢’(a) = 0, i.e. fz(a,b)=0. O

1



Note: Vf(a,b) = 0 does not implies that f has a local maximum or
minimum at point (a, b)
The point (a,b) is called critical point(stationary point) when

Vf(a,b)=0.

Find the critical point of function f(z,y) = y* — x2. It is (0, 0), but it is
neither local Maximum or Minimum,
A saddle point is a critical point but not local Maximum or Minimum.

THEOREM 2. Second Derivative Test v
Suppose the second partial derivative of f are continuous on a disk with
center (a,b), and suppose V f(a,b) = 0,i.e. (a,b) is a critical point of f.
Let: ‘
D =D(a,b) = fau(a, ) fyy(a, ) = £y (a,b)]? (4)

We have:
1. If D >0 and fzz(a,b) > 0, f(a,b) is a local minimum.
2. If D >0 and fzz(a,b) <0, f(a,b) is a local mazimum.
8. If D <0, then f(a,b) is a saddle point.
4. If D =0, maybe this, maybe that.
Examples:

1. Find all critical points of f(z,y) = zy? — 22 — 2y? and determine
whether each is a local minimum |, local maximum, or saddle point.

Answer: Three critical points (0, 0)(local maximum) and (2,42) (sad-
dle point). ‘

2. Find all critical points with the contour inap and determine whether
each is a local minimum , local maximum, or saddle point.

2 Global (Absolute) Maximum or Minimum

A closed set in R? is one that contains all its boundary points. For example:
What is the boundary of unit disk?

A bounded set in R? is one that can be covered by some disk. For
example: is xz-axis bounded?



THEOREM 3. If f is continuous on a closed and bounded set D. Then f
attains an absolute mazimum value and an absolute minimum value

To find the absolute maximum value or absolute minimum value, we
only need to

1. Find all the critical points in D.
2. Find the extreme points on Boundary.
3. Compare the points you obtain in step 1 and step 2.

Example: Find the absolute maximum and minimum values of f(z,y) =
y? — 2% on square |z| < 1, |y| < 1. '

Example: Find the absolute maximum and minimum values of f(z,y) =
z 4y on disk z? 4+ ¢ < 1.

3 Lagrange Multiple

Question: Find the maximum and minimum volumes of a rectangular box
whose surface area is 1500cm?.

Maximize V = xyz subject to the constraint 2zy + 2yz + 2zz = 1500.
Question: To find the maximum and minimum values of f(z,y, 2) subject
to the constraint g(z,y,2) = k.

1. Find all values of z,y, z and A(something new!) such that
Vf(z,y,2) = A\Vg(z,y,2) and g(z,y,2) =k (5)
Note: Four variables and four equations, so we can find solutions.

2. Evaluate f at all the points (z,v, z) that result from last step. The
largest one is maximum and smallest one is minimum.

Example : Maximize zyz subject to the constraint  +y + z = 1.
We let f = zyz and g = z + y + 2. Then we have:

Vf= <yz7 Tz, Zy> (6)
and
Vg=(1,1,1) (7)
Solve (5), we obtain that '
x=y#z=1/3andA=1/9 (8



Note Fourteen, Math21A

J. Yin
April 7, 2009

1 Review

1.

The point (a,b) is called critical point(stationary point) when

Vf(a,b) =0,

. A critical point is a local Maximum or local Minimum or saddle

point(concave up in one direction and concave down in another).
Second Derivative Test:

D = D(a,b) = faz(a, b)fyy(a,b) — [fay(a, b)) (1)
We have: ’

(a) If D > 0 and fzz(a,b) >0, f(a,b) is a local minimum.
(b) If D >0 and fiz(a,b) <0, f(a,b) is a local maximum.
(c) If D <0, then f(a,b) is a saddle point.

(d) If D = 0, maybe this, maybe that.

. Find the critical points on contour map.

(a) Circle: Local minimum or maximum
(b) Cross: Saddle point.

. Global (Absolute) Maximum or Minimum. To find the absolute

maximum value or absolute minimum value, we only need to

(a) Find all the critical points in D.
(b) Find the extreme points on Boundary.
(c) Compare the points you obtain in step 1 and step 2.



2 Lagrange Multiplier‘s

.Questjon: The distance function:
fl@,y,2) =/ (z~1)*+ (y—1)2+ (2 = 3)? 2)

1. What is the minimun value of this function?

2. If we restrict the points on the sphere z2 + 3% + 22 = 1, what is the
minimun value?
3. If on ellipsoid 22 + 2y? + 322 = 17
Question: To find the maximum and minimum values of f(z,y,z) subject
to the constraint g(z,y, 2) = k.

1. Find all values of z,y, z and A(something new!) such that
Vf(z,y,2) = A\Vg(z,y,2) and g(z,y,2) =k (3)
Note: Four variables and four equations, so we can find solutions.

2. Evaluate f at all the points (z,y, z) that result from last step. The
largest one is maximum and smallest one is minimum.

Example : Maximize xyz subject to the constraint 2+ 4+ 22 =1
We let f = zyz and g = z + y + 2. Then we have:

V= (2,22, ) (4)
and ‘ : .
Vg = (2z,2y,2z) (5)
Solve (3). ,
Note: For the functions f, g of two variables, we still only need to
solve: '
Vf=AVg, g(z,y) = k. (6)
If zo,y0 and Ag is the solution, then on the contour map of f and g are
tangent to each other at point zg,yg, or we say the contour line f(z,y) =
f(zo,y0) and g(z,y) = k are tangent to each other at point zg, yo.
~ Example: f = 4x2+y, g(x,y) = £2+y?/4. The constraint is g(z,y) = 17
We need to solve v
8z = A2z (7)
1= Ay/2 ‘
_ z? + y2/4 =1
The solution is zg = +/15/4, yo = 1/2, that is it ??



3 Two Constraints

Question: To find the maximum and minimum values of f(z,y,z) subject
to two constaints: g(z,y, z) = k and h(z,y,2) = c.

1. Find all values of z,y,z and A and p (éomething new!) such that

Vf(z,y,z) =AVg(x,y,2z) + uVh(z,y,2) (8)
g(a:,y, Z) =k and h(:c,y,z) =C

In other words, find all values of z,y, z and A, x such that

fm(l’:yv z) = Mgz + pihy (9)
fy(@,y, 2) = Agy + phy
fz(m)yaz) = A\g; + ph,

9(z,y,2) =k

- h(z,y,z) = ¢
Five variables and Five equations, so we can find solutions.

2. Evaluate f at all the points (z,y,z) that result from last step. The
largest one is maximum and smallest one is minimum.

Example: Find the maximum value of the funtion f(z,vy,z) = = + 2y + 32
on the curve of intersection of the plane z — y 4+ z = 1 and the cylinder
w2 +y2=1
Yy .
We need to solve:

1=A+2zp (10)
2 = —A+ 2yu |

3=\

z—y+z=1

22 +y? =1

The solution is z = F2/v29, y = +5/v29 and z = 14 7/v/29. The
maximum is 3 + v/29 and the minimun is 3 — V29, N

4 HW

Hint for question 40(b).

\



Note Fifteen, Math21A
Multiple Integrals

J. Yin
April 29, 2009

1 Definition

1.1 Review of the Definite Integral

First let’s recall the definite integral of the function of one variable. If f(z)
is defined for a < z < b. We start by dividing the interval [a,b] into n

subintervals [z;—1, ;] of equal width Az = [b — a]/n and choose sample
points z} in these subintervals. Then we obtain a number (Riemann sum):

n

> fahas ()

=1

take the limit of such sums as n — oo to obtain the definite integral (Rie-
mann integral ) of f from a to b:

b ' n |
[ f@yde = tim S pai)aa @)
a i=1

Az = (b—a)/n.
Visit: http://www.hostsrv.com/webmaa/appl/MSP/webm1010/riemann.
Note: The area of the ith rectangle is equal to f(z])Az. And the Rie-
mann sum is equal to the total area of the rectangles.
If f(z) > 0, the Riemann integral is the area below f(z) and z-axis.
Question: If f(z) 2 0, how do you explain the Riemann integral.

1.2 Volume and Double Integrals

We consider a function f of two variables defined on a closed rectangle:

R=[a,b] x [c,d] ' ‘ (3)

1



S

and we first suppose that f(z,y) > 0. The first step is to divide the rectangle

- R into small subrectangles. Let’s cut R into m X n rectangles, each with

area AA = AxAy. What are Az and Ay? Then choose one sample point
P, j = (z};,9;;)- Double Riemann sum is:

m

Z f(m;ja y;j)AA (4)

=1 j=1
Double Riemann integral is the limit when you take m,n — oo, i.e.,
m n
[ [ faia= m 33" ser,u)aa (5)
R el =1

It can be explained as the volume of solid S that lies under the graph f and
above the rectangle R. '

Question: Estimate the volume of the solid that lies above the square
R =[0,2] x [0,2] and below the elliptic paraboloid:

2z =16 — 2% — 2%

Divide R into four squares and choose the sample point to be the upper
right corner of each square R; ;.

Va134+7+10+4 =34 (6)

Make sure one point for one box.

1.3 The Midpoint Rule

As you can guess, The Midpoint Rule means that we choose the midpoint
as the sample point of each subrectangle.

Question: Using midpoint rule to estimate the volume of the solid in last
question.

Answer:?

1.4 Average value

For functions of one variable:

1 b '
fa've = B—_“a/a f(-T)d-’E (7)



For functions of two variables:

nw=zé5/éjuwwA (s)

Of course, we can see:
fueA(®) = [ [ f@)as )

1.5 Some properties

1.
//Rf(m’yHg(‘”’y)dA://Rf(%wdA'F//Rg(m,y)dA (10)

2. For constant c,
[ [er@naa=c [ [ sauaa (11)

3. If f(z,y) < g(z,y) for all (z,y) in R, then

/AﬂaWMS/AmmﬁM (12)

2 Iterated Integrals

Now, we are going to study how to calculate the integral on R.
Suppose that f(z,y) is a function of two variables that is continuous on
the rectangle R = [a,b] X [c,d]. We use the notation

od
mmz/fmw@ (13)

to mean that z is held fixed and f(z,y) is integrated with i\*espect to y from
c to d. (it is one-dimensional integral). Then we integrate A(z) with respect

to z from a to b.
/abA(x)d:c = /ab [/Cdf(m, y)dy] dz (14)



The right side is usually written as

/ab ldf(x,y)dydx | (15)

/c ’ / fley)dodzy (16)

Give you a simple f(z,y), you can calculate (15) and (16), right?
The following theorem (Fubini’s Theorem) is very important and use-

//Rf(:c,y)dA = /ab /Cd f(?» y)\dyd:cb= /cd /abvf(m,y)dmdxy (17)

Examples

Similarly, we can define:

ful

3 Double Integral over General Regions

3.1 Definition

If D is not a rectangle, first, we find a rectangle R, which cover D, we define
F(z,y) on R as : <

F(z,y) = f(z,y), when (z,y)€ D (18)

and F(z,y) = 0 when (z,y) ¢ D. Then

| [ s@waa= [ [ F(a,y)dA (19)

When f > 0, it still can be explained as the volume. Think about a hemi-
sphere. '
Questions,

3.2 Methods we can use

Questions, Calculate the following integral :

~ / /D ydA (20)



Here D is a triangle.
You can see that when D is said to be type I, i.e,

D= {(z,y)la <z <bgi(z) <y < golx)} (21)

we can simplify the integral, i.e,

//Df(m’y)dA=/AF(x,y)dAz/ab/::j) f(z,y)dydz (22)

Note Figure 5 in pg844.

Example: Evaluate [ [,z + 2ydA, where D is the region bounded by
the parabolas y = 222 and y = 1 + z2.

Similarly, by changing = and y, we have the following result.

When D is said to be type I, i.e,

D={(z,y)lc <y <d,h(z) < 2 < ho(z)} - (23)

we can simplify the integral, i.e,

/ /D f(z,y)dA = / /R Bz, y)dA = / ‘ /h f::) f(z,y)dzdy (24)



Note Sixteen, Math21A
Multiple Integrals

J. Yin
April 29, 2009

0.1 Last Class
1. Definition of Double Integral

2. Fubini’s Theorem:

//sz(x,y)dA = /ab/cd f(z,y)dyds = /(;d /abf(a:,y)dazdmy (1)

1 Double Integral over General Regions

1.1 Definition

If D is not a rectangle, first, we find a rectangle R, which cover D, we define
F(z,y) on R as ' ’

F(z,y) = f(z,y), when (z,y) € D (2)

and F(z,y) =0 when (z,y) ¢ D. Then

[ [ t@wia= [ | Faias 3)

When f > 0, it still can be explained as the volume, Think about a hemi-

sphere. z = f(z,y) = /1 —22—y2 and Disz? +y? < 1.
'\ 2
// V1—22—-y2dA= -7 (4)
D 3

Questions.



1.2 Methods we can use

Questions, Calculate the following integral :

[
D
Here D is a triangle.

You can see that when D is type I, i.e,

D={(z,y)la <z <bgi(z) <y < ga(x)} (6)

we can simplify the integral, i.e,

//fa:ydA // (z,y)dA = //glg:w f(z,y)dydx (7)

Note Figure 5 in pgB44.

Example: Evaluate [ [,z + 2ydA, where D is the region bounded by
the parabolas y = 222 and y = 1 + z2.

Similarly, by changing z and y, we have the following result.

When D is said to be type 11, i.e,

D={(z,y)lc <y <d,hi(z) < z < ha(z)} | (8)

we can simplify the integral, i.e,

//fmydA // (z,y)dA = //h f(z,y)dzdy - (9)

So far, we only see the question whose f and D are clearly defined. Let’s
see something else.
Question: Find the volume of the tetrahedron bounded by the planes
c+2y+z=2,2=2y,x=0and 2=0
D={m,y)|0§x§1, z/2<y<1-uz/2} (10)
=2—-x—-2y ' (11)

1- w/2 1 .
V= // 2—xz—2y)dA = / / —x——2y)dyd:c=§ (12)

A hint for question 30.



we have:

/Z{f(w,y)dA:Lﬂ /abf(rcosé,rsine)gdrdﬁ (20)

Let’s calculate the volume of the hemisphere with radius 1.

2m 1
/ / V1—r2rdrdd =37/2. (21)
o Jo :

Find the volume of the isolid bounded by the plane z = 0 and the
paraboloid z = 1 — 2% — ¢?

/02”/(»)1 (1—7?) rdrdd =m/2 : (22)

3.1 general case

If the domain has the form :

D= {(rn8)la<0<ph0)<r<hi0)} (23)

h2(9
//f z,y)dA = / / f(rcos@,rsin@)rdrdd (24)
h1(6)

Question: Sketch the D:
D={(r,0)[0<60<7/2,0<r<sinb,} - (25)

we have:

Question: Find the integral for the volume of the solid that lies under
the paraboloid z = x2 + y2.
We have f(r,0) = r2. What is D?

(z—1)2+4+42<1=0<r<2cosl, —7/2<0<1/2 (26)
So, ' S
w/2  p2cosf
V= / r2rdrdd (27)
~m/2J0

Question: Calculate the area bounded by curve of r = sin(106)

’ x/10  psin(106)
A=20 / / 1dA = 20 / / rdrdf = /2 (28)

If you replace 10 with any other even number, you will see that the area is
also equal to /2 :

v



Note for Second Midterm test, Math21A
From section 11.4 to 12.4

J. Yin ’
April 7, 2009

Jun got a disease called Bell’s palsy, which may last few weeks and get
worse. It is definitely not a good news for a teacher.

1 Partial Derivatives

For a simple function f(z,y) or f(z,y,z2), e.g. f(z,y) = sin(x + y)y?, you
can calculate

fm:fyafx,x,fxyyfym‘” (1)

This is the first step for many questions, so check your calculation.
We note: fgzy = fyz is not correct for all function f(z,y). But when fgy, fyz
are continuous, this result holds.

1.1 Linear approximation

For a function f(z,y), you can write the linear approximation at the
point (a, b):

f(zy) = f(a,b) + fz(a,b)(z — a) + fy(a, b)(y — b) )
Then you can use it to estimate the value of f(z,y) by insert z,y into the
rhs.

1.2 Directional derivatives

Directional derivative is the rate of change of f(z,y) at point (zo,yo) in
the some arbitrary direction

f(zo + ah,yo + bh) — f(z0, y0)

Dgf(xo0,y0) = }13% - (3)




Note: @ is a unit vector. What is unit vector in the direction (3,4)? Give
you a contour map, one point, one direction, can you tell the sign of Dy f?
Don’t forget '

fe = Da—q,00fs fy = Da=o,1)f> (4)

|
| Do you remember how to calculate Dz f? We need to calculate Gradient
Vector.
\ k V= {fe, fy) (5)
It is read delf. We have if @ = (a,b), again, @ is a unit vector, then
Daf(z,y) = fo(z,y)a + fy(z,9)b = (fa, fy) (a,b) (6)

Note: Vf is a vector (function) and Dyf is a number.
Typical question: In fixed point, in which direction does z = f(z,y)
increase fastest, decrease fastest or does not change?
With gradient vector, we can easily obtain the Tangent line in contour
! map, for function f(z,y) and point (a,b), we know the tangent vector r is
orthogonal to V f(a,b) _
1 ‘ 7 Vf(a,b) =0 (7)
And it is easy for us to obtain Tangent plane for surface, for surface
flz,y,2) =k, e.g. 2+y%+ 2% =3, and point (a, b, c) = (1,1, 1), we know
the normal vector of this tangent plane is orthogonal to Vf(a,b,c)

F-Vf(a?b,c);o ‘ (8) |

1.3 Minimum and bMaximum

1. Critical points, V f = 0. local minimum, local maximum, saddle point.
Second derivative test.

D = D(a,b) = fus(a,b)fyy(a,b) = [fzy(a, D))" 9)
We have:
(a) If D > 0 and fzz(a,b) >0, f(a,b) is a local minimum.
(b) If D > 0 and fzz(a,b) <0, f(a,b) is a local maximum.
)

(c) If D <0, then f(a,b) is a saddle point.
(d) If D = 0, maybe this, maybe that.

2. Point out the Critical points on contour map. Tell they are local
minimum, local maximum or saddle point. Circle and Cross.




3. Find the maximum or minimum in some region D.

(a) Find all the critical points in D.
(b) Find the extreme points on Boundary. |
(c) Compare the points you obtain in step 1 and step 2.

1.4 Chain rules and implicit Question

Will not be harder than Hws.

1.5 Lagrange Multipliers

The typical question: Find the (local) the maximum and minimum values
(points) of f(z,y,z) subject to the constraint g(z,y,z) = k. (maybe just

(z,))

1. Find all values of z,y, z and A(something new!) such that
V(@ y,2) = A\Vg(z,y,2) and g(z,y,2) = k (10)
Note: Four variables and four equations, so we can find solutions.

2. Evaluate f at all the points (z,y, z) that result from last step. The
largest one is maximum and smallest one is minimum.

What is the meaning of highest? closest?.
Tricks: '
1. 22 = Az implies A\=2o0rz =0
2' v . .
A=B,C=D=A-C=B-D (11)
A=B,C=D= A/C=B/D (12)
For the functions f, g of two variables, we still only need to solve:
- Vf=2AVy, g(z,y) =k (13)

If zg,y0 and Ao is the solution, then on the contour map of f, g = k is
tangent to f at point zg,yo, or we say the contour line f(z,y) = f(zo, yo)
and g(z,y) = k are tangent to each other at point o, yo. :

Example: f = z% + 4?2, g(z,y) = y — z%. The constraint is g(z,y) = 1.
One contour line of f is tangent to g = 1 at point (0,1). This is minimum
point. We have the minimum value of f = z? + 2 subject to the constraint
g(z,y) =y — x? = 1 is one. Where is the maximum point?



2 Double Integral

There is a typical step in many questions, i.e., calculating

g2(x)
| / f(z,v)dy (14)
g1(x) ,

or ¢ «+ y. Do it carefully.
2.1 Definition
2.2 Fubini’s Theorem

//Rf(a:,y)dA ‘= /ab /Cdf(:c,y)dyd:c = /Cd /abf(x,y)dxd;cy (15)

Rieman integral can be calculated with iterated integrals.
If the domain is not a square, if D is type I(3 kinds), i.e,

D={(z,y)la <z <bg(z) <y < ga(z)} (16)

//f:vy)dA //F z,y)dA = //gzm) z,y)dydz (17)

If D is type II?
The question could be give you a domain and function and ask you to
calculate it.
We have seen that in some cases you need to change the order of dzdy,
Some properties:

&8 1,1
/ / sin(y?)dydz (18)
0 Jz /
. 1.If f>gin D, then

//Df(m,y)dAZ//Dg(x,y)dA (19)

/D f(2,9) + g(z, y)dA = /D f(2,y)dA + /D saydd (20

3. If D = Dy U D, where Dy and Dy don’t overlap except perhaps on
their boundaries then

//Df(:c,y)dA:/ sz(x,y)dA+/ le(m,y)dA (21)

Example: Triangle.



2.3 Double Integrals in Polar Coordinates

It is new, but it is Important. Check your HWs. For general case, we have:

B rha(6)
// flz,y)dA = / / f(rcos@,rsin@)rdrdd (22)
R ' a Jhi(6)

Example, the area bounded by r = 6 and positive z—azis, we have f(z,y) =

1 and o B v
/ /R f(z,y)dA = /0 /0 rdrdf | (23)

3 Applications of Double integrals

3.1 Density and Mass

One planar lamina has the shape D, the density is not uniform. ‘The local
density is defined as :

Am
pla,y) = lim 27 ' (24)
So the total mass is about:
m n ’
ms Z P, vig)A (25)

i=1 j=1

In the limit m,n — oo, we have

mZ//Dp(x,y)dA ' (26)

3.2 Moments and Centers of Mass

The moment of a particle about an axis as the product of it mass and its

~ distance from the axis. Let’s calculate the moment of the lamina. The

moment of the entire lamina about the z— axis is

M, Z Zymp myu AA (27)
i=1 j=1
Similarly, the moment about y—ax1s:

m n
My =) Y yiselal vl AA (28)

i=1 j=1



In the limit m,n — oo, we have,

M, = / /D yp(w,y)dA
‘My =.//D:13p(a:,y)dA

We define the center of the mass (Z,7), which is a point,

and

izMy/ma §=Mz/m



Note 18, Math21A

J. Yin
April 30, 2009

Jun got a disease called Bell’s palsy, which may last few weeks and get
worse. It is definitely not a good news for a teacher.

1 Applications of Double integrals

1.1 Density and Mass

One planar lamina has the shape D, the den51ty is not uniform. The local

‘density is defined as

Am
p(z,y) = lim —— (1)
So the total mass is about:
) m n
m ZZP(@,@Z/{;‘)AA (2)
i=1 j=1

In the limit m,n — oo, we have

m=[ [ s@as 3)

1.2 Moments and Centérs of Mass

The moment of a particle about an axis as the product of it mass and its
distance from the axis. Let’s calculate the moment of the lamina. The
moment of the entire lamina about the z— axis is -

m

n
My =) Y uytin(nh;, vl DA (4)

i=1 j=1

I



Similarly, the moment about y-axis:

MmNZZyz,]p zgayzg AA (5)

ci=1 j=1

In the limit m,n — oo, we have

Mz—//y,oxy (6)
= | [awman o

We define the center of the mass (Z,7), which is a point,

and

= M,/m, §=M,/m (8)

2 Surface Area

2.1 parameter domain is rectangle

First let’s look at a smooth parametric surface S, which is given by the

equation .
(u,v) = (z(u, v), y(u, v), 2(u, v)) 9)

and (u,v) is in a rectangle [a, b] x [c,d] Divide [a, ] X [c, d] into m x n small

rectangles. We can see
=D AlSi) (10)
¥

Here S; ; is the image of the small rectangle(i,j). Let’s calculate (no,no
estimate) the area of S; ; when m and n are large enough. When m and n
are very large, we can consider S;; as a para,llelogram; We can see that

With A(S) = 3, ; A(Si;), letting m,n — oo, we obtain:

b pd )
A(S) = / / 17 (1, ) X 7, 0)|dvdu (12)

Example:
Find the surface area of a sphere of radius a.



1. First, we use the parametric representation:

z=asingcosh, y=asingsind,z = acose (13)

2. The parameter domain is:

D={¢,0/0<¢<m0<0<2r) (14)

3. Calculate 74 and 7y
7 = (acos ¢ cosf,acos sinf, —asin ¢) (15)

and

—

7y = (~asin ¢ cos b, asin ¢sin b, 0) (16)

4. Calculate |7y x 7p|:
| |7 x 75| = a?sin ¢ (17)

5. At last, we have:
2T T 2
A= / / a? sin ¢pdddl = / 20%df = 4dna? (18)
0 Jo

0

2.2 general parameter domain

As you can guess if the parameter domain is D, which is not rectangle, we
have

A(S) = / / ) % 7o, )] A (19)

If the parameter domain is type I, we have the following formula,

/ /gl(u) |7u(w, v) X 7y (u, v)|dvdu (20)

If the the parameter domain is type II 7

2.3 Surface Area of Graph
Graph: z, y are the parameters.
z=1x, y=y, z= f(z,y) (21)

or .
z=u, y=v, 2= f(4,v) (22)



So we have: 7y = (1,0, fz(z,y)) and 7, = (0,1, fy(x,y)). Therefore,
|7y X 7yl = /14 f2+ f2 (23)
Example: |

Find the area of the part of the paraboloid z = z% + y? that lies under

the plane z = 9.
A://,/1+f§+fy2dA (24)
JD
What is D? what is /1 + f2+ f27
A(S) = // V1 +4x2 + 4y2dA (25)
z?+y?<9 .
Converting to polar coordinates, we obtain:

2 3
A(S) = / / V1 + 4r2drdf = 363(373/2 —-1) (26)
0 0 '

3 Triple integrals
We consider a function f of three variables defined on a closed box:
B = [a,b] X [¢,d] X [e, f] ’ (27)

The first step is to divide the box R into small boxes. Let’s cut R into
m X n % [ rectangles, each with volume '

|

AV = AzAyAz (28)

. Then choose one sample point F; ;1 = (If,j,k’ Yi ko ) J,C) Triple Riemann

sum is:

m n v
* * *

DD @ Uiy 2R AV (29)

=1 j=1 k=1

Triple Riemann integral is the limit when you take m,n,l — oo, i.e.,

!
/ / /B fn )V = lim 3OS ST F@h v A AV (30)

n,m,l—00 4 , ‘ .



and we can calculate it:

///Bf(w,% z)dV=/ef /cd/ab f(:c,y, z)dzdydz (31)

General Case: if f is defined on E and E C B, we have

///Ef(%yaz)dV:///B'F(x,y,z)dv (32)
what is F'7

what is the meaning of

///]51 qv (33)

A solid region E is said to be of type one if it lies between two graphs:
E = {(z,y,2)|(z,y) € D,ui(z,y) < z < ug(z,y)} (34)

Think about the cylinder and hemisphere.
We have the following result:

///f:cy, )V = // [/M(I’y f(z,y, 2)dz

Remember? 3=2+1. If D is type 1, we have

f(z,y, 2)dV = i (:c,y,z)dzkdy dz  (36)
/1], Lo o

Note: The range of the variable inside depends on the variable outside.
Example:
Evaluate [ [ [pz dV where E is the solid tetrahedron bounded by the
four planes z = 0, y = 0, z—Oandx+y+z-—1
What is f7 what is E7

///de //1 w/l . yzdzdyd:c—-z (37)

Switch z,y, z, we have the formula when F is type 2 or type 3.
Mass: If the density function of a solid object that occupies the region
E is p(x,y, z), in units of mass per unit volume, at any given (z,y, z), then

mass is :
m=///E,0(:c,y,z)dV ' (38)

dA  (35)




The center of mass (Z,y, Z) is

fff zp(z,y,z)dV
fffEEp (z,y,2)dV (39)

Hl

80 as v, z.
Example: Evaluate [ [ [ /2% +y2dV, where E is the region bounded
the paraboloid y = z? + 22 and the plane y = 4. We have:

/// Va2 + y2dV = / / \/ z? + z%dzdydx (40)
Vy—z?
but it is very hard to do the calculation. On the other hand,
/// V2 +y2dV = // / Va2 + 22dydzdz  (41)
2422<4 Jg2+4272
// 4 — 2?2 — 2V 22 + 22dzdx
:r2+z2<4

ssssssshh hhug Using polar coordinates in zz plane:

2w
// (4 — 22 — 22)V/2? + 22dzdz = / / —rHrdrdf = 1287/15
z24+22<4

(42)



Note 19, Math21A

J. Yin
April 29, 2009

Bell’s palsy lasts a few weeks.

1 Triple integrals

We consider a function f of three variables defined on a closed box:

B =a,b] x [c,d] x [e, f]

(1)

The first step is to divide the box R into small boxes. Let’s cut R into

m x n X [ rectangles, each with volume

AV = AzAyAz

(2)

. Then choose one sample point P; ;x :‘(a::." ko Yi gk P, ;). Triple Riemann

sum is:
n
* * *
D Uk k) AV
—1k=1

m
1=1j
Triple Riemann integral is the limit when you take m,n,l — oo, i.e.,
n 1

AN m
/ / /B faydV = Gim 3 SOST F@h U ) AV

RN/ ° -
00T G=1 k=1

and we can calculate it:

v ///Bf(x»y,z)dvZ/ef/cd/abf(m,y,z)dxdydz

General Case: if f is defined on F and E C B, we have

///Ef(a:,y,z)dV=///BF(:U,y,z)dV
1

N



what is F'?
what is the meaning of

///EldV | (7)

A solid region E is said to be of type one if it lies between two graphs:

E = {(z,y,2)|(z,y) € D,u1(z,y) < z < uz(z,y)} 8)

Think about the cylinder and hemisphere.
cylinder: D = {(z,y) : 2> +4*> <1}, 0< 2z < 1. ’
Hemisphere: D = {(z,y) : 22 +9? < 1},0< 2 < /1 — 22 — y?

We have the following result:

///f(x Yy, z)dV = // {/ul(x:) my,z)dz] dA 9)

Remember? 3 =2+ 1. If D is type 1, we have

T fmn= [ Lo ] ] o

Note: The range of the variable inside depends on the variable outside.
Example:
Evaluate [ [ [ zdV, where E is the solid tetrahedron bounded by the
four planes x =0, y = 0, z——Oand:v+y+z—1
What is f? what is E?

1 l—z pl—z—y ‘ 1
///dez/ / / zdzdydr = — (11)
E o Jo o 24

Switch z,y, z, we have the formula when F is type 2 or type 3.
Mass: If the density function of a solid object that occupies the region
E is p(z,y, #), in units of mass per unit volume, at any given (z,y,2), then

mass is :
m= /// plz,y, z ‘ (12)

The center of mass (Z, 7, Z)

[ [ [gzp(z,y,2)dV
=TT Loy, av (13)

2

8



S0 as ¢, Z.
Example: Evalua‘ce ji f [ Va? + 22dV, where E is the region bounded
the paraboloid y = 22 4+ 22 and the plane y = 4. We have:

/ / / Va2 + 22dV = / / \/m dzdydz  (14)

Vy—a?

but it is very hard to do the calculation. On the other hand, we can see
that this question is equavilant to: Evaluate / f Jg V2% +y%dV, where E
is the region bounded the parabolold z = 2% + y? and the plane z = 4.

_ 4
/// V2 +y2dV = // / V12 + y2dzdydr  (15)
E . $2+y2s4 :r2+y2 .
/ / (4 — 2% — y¥) /a2 + y2dydx
224y2<4
Using polar coordinates in xy plane:

A . 2r 2
// (4 — 2% — y®)\/2? + y2dzdz = / / (4 —r®)rdrdf = 1287/15
x24+y2<4 0 0 ‘

(16)

2 Triple Integrals in Cylindrical and Spherical Co-
ordinates

2.1 Cylindrical Coordinates

Recall the Cylindrical Coordinates r, 8, z. When should we use Cylindrical
Coordinates?
When the Domain E can be described as

E= {(at,y,z) : (xv’y) € Dvul(x’y) <z< u2(x>y)} (17)

where D is given in polar coordinates by

D={(r,0),a<6<0, hl() r < ha(0)} (18)

With property (17), we have

[ [revoa=[ | Lf;(ijf) o )

3

dA  (19)




Together with (18), we have

h2(8) pua(rcos@,rsinb) '
///f T,y,2)dV = / / / f(rcosf,rsiné, z)rdzdrdf
h1(8 (rcosf,rsinf)

(20)
2.2 Spherical Coordinates
Recall Spherical Coordinates: p, 0, ¢,
x = psingcosl, y = psingsing, z = pcos¢ - (21)

When should we use Spherical Coordinates? When E can be easily described
by Spherical Coordinates, e,g.

E={(p,0,9):a<p<b a<f<B c<¢p<d} (22)
We have the following important formula:

d B b
///f(a:,y,z)dV:/ / / f(psin ¢ cos B, psin ¢sin b, p cos ¢)p? sin pdpdfds
E c Ja Ja (23)

Or a little bit complicated

E={(p0,0):a<0<p, c<¢d<dg(8,¢) <p<gab,d)} (24)

we have
, 2(6:6) :
/// f(z,y,2)dV = / / / ,osinqbcos@,,osinngsinG,,ocosq$)p2 sin ¢pdpdfdg
| (25)
Example

Evaluate [ [ [51dV, where B is the unit ball

T r2m pl
/ / / 1dV = / / / p? sin ¢pdpdfde (26)
B 0 0 0
T 2w 1
_ / / sin $=dgdf =77
0 0 3
Example:

Find the volume of the solid that lies above the cone z = y/x? + y? and
below the sphere 22 + y2 + 22 = 2.



First rewrite these two equations, we obtain that solid lie above
p = cosd and ¢ = 7/4 (27)
We rewrite the domain E as
E={(p6,6):0<0<2r,0<¢<m/4, 0<p<cosg}  (28)

So we have

ffe [ s o

™2 cos ¢ T
= sin dodf = —
[ sne™5 asan = ¢

3 Vector Fields

Definition: Let D be a set in R?, A vector field on R? is a function F that
assign to each point (z,y) in D a two dimensional vector F'(z,y).
Component functions:

F(z,y) = P(z,y)i + Q(z,9)] (30)
ie. F=Pi+ Qj. How to define vector field on R3?
F(z,y,2) = P(z,9,2)i + Q(x,y,2)] + R(z,y, 2)k (31)

P,Q, R are scalar fields.
We can draw (roughly)/the vector field as follows. Pick some points in
D, for (z,y), we draw a vector F'(z,y) with the initial (start ) point (z,y).
Example: ;
Sketch the vector field F(x,y):

F(z,y) = —yi+zj (32) .

3.1 Gradient Fields )
f is a scalar field (ordinary function) of two variables, récall gradient fields
Vf(@,y) = fole, )i + fylz,9)] (33)
Three variable?? v
Vi@ Y 2) = fol@,y, 20 + fu(2,9, )] + folm,y, 20k (34)

Recall V f(z,y) perpendicular to the contour lines. Examples.



Note 20, Math21A
‘ _J. Yin
April 29, 2009

Bell’s palsy lasts a few weeks.

1 Vector Fields

Definition: Let D be a set in R?, A vector field on R? is a function F that
assign to each point (z,y) in D a two dimensional vector F'(z,y).
Component functions:

F(z,y) = P(z,)i + Q(z,y)] (1)
ie. F = Pi+ Qj. How to define vector field on R3?
F(éc, y,2) = P(x,y, 2)i + Q(:c, y,2)j + R(z,y, 2)k (2)
P, (), R are scalar fields. | |
1.1 Gradient Fields
f is a scalar field (ordinary func'gion) of two variables, recall gradient fields
V(z,y) = folz,y)i + fy(2,9)] (3)
Three variable??
VH(@,y,2) = fol@,9,2)i + fy(2,9,2)] + fo(z,9,2)k (4)

Example: weather map.



2 Line Integrals

2.1 Plane curve

We start with a plane curve C given by the parametric equation

r=ua(t), y=y(t), a<t<b (5)

For example, circle.
Let’s define

/ f(@y)ds (6)
C

Note, the C means the curve, the s is not a parameter. ds is kinda like d4,
av.

Dividing C into small pieces, let’s say m pieces, pick one point (z},y)
in each pieces. Then we can calculate the Riemann sum:

> flhy)As: (7)
n
The limit of Riemann sum is Rieman integral,
[ f@uds =tm Yot u)as ©
n
Remember the following formula,
ay.,
[ s = [ 10012+ pa ©
Example: f(z, )—:cy,C’.:v()zsmt y()-cost 0<t<w
/ f(x,y)ds=/ sintcostldt =0 (10)
C 0 : .
2.2 Curve in Space /
z=a(t), y=y(t), z=2()a <t <b (11)
d dz
[ewads= [ rew,u0.:00Ep+ @2 (S

/ FEE)IF )t

~



2.3 Line Integrals of Vector Fields

Let F be continuous force field on R3,
F(z,y,z) = Pi+ Qj + Rk - (13)
For example: electric force field. If a particle (object) moves along curve C:
z=z(t), y=yt), z=2(t)a<t<b (14)

Question: The work done by the force F on this particle fromt =atot =0b.
Dividing the curve into small pieces, in one small piece, work done by
the force is about

ﬁ(w?,yi‘, z) 'T(wj,y;,zf)Asi (15)
Wy Fal,ui, ) - T,y 25 Asi (16)
- v
In the limit:
W = / F.Tds (17)
C

Here T is the unit tangent vector. We have

W:/Oﬁ-T‘d's: /{F(F(t))' 7;/((:))|] |7 (t)] dt (18)

Usually, we write it as

b |
/F-dr*:/ Pd:c+Qdy+Rdz:/ F-T’ds:/ Fr) -7 (®)dt (19)
C C . C a

~ Don’t forget the direction of C and

/ ﬁ-dr”:—/ﬁ-df‘ (20)
-C . C

Example Calculate [, F' - dF, where Flz,y,2) = zyi + yzj + zzk and C
is the twisted cubic given by

T =t, y:tQ, z=1t3 (21)

/ F.dr= / 1'15(7?@))~f’(t)dt=27/~28 (22)
C 0

Worksheet and hints.



3 Fundamental Theorem for Line Integrals

Do you remember this formula? It is called Fundamental Theorem of Cal-
culus(big title)

or

b .
/ F'(z)dz = F(b) — F(a) ’ (23)
The Fundamental Theorem for Line Integrals is following:
Lvsar= o) - s (24)
LVt = fepgen) = fanmz) (25)

1. There exists a f, s.t. F =VJf (ﬁ is conservative)

2. If C is a closed pa,th, ie., (zf,yz, 27) = (T, s, %)

/ F.di=0 (26)
c
3. Independence of Path
4. f is well defined:
()
faw)= [ T Fdr (27)
(a,b)

There is an easy way to check whether ﬁ(x, y) = P(z,y)i+Q(z,y)J is
conservative. If P, () has continuous first-order partial derivatives on
a domain D and

o°P 0
P (29
holds in D, we have F(z,y) is conservative.
It can be understood in this way
F=Vf=P=f, Q=1 (29)
SO ap f o
e (30)

But, But this is true only for a special type of D, which is called
simply-connected region. Intuitively speaking, simply-connected
region contains no holes and can’t consist of two separated pieces.

Hint for question 29-32, open, connect.



Note 21, Math21A

J. Yin
April 29, 2009

1 Review: Integrals

The basic idea is dividing (line segment, rectangle, box) into many small
pieces, then calculating the Riemann sum. The limit of Rlemann sum is
Riemann Integral.

1.1 2C
For scalar field f(z,y, z)

r=uz(t), y=y(t), z=2(t)a<t<b (1)

dzx ay.,
[ievan= [ a0 z(t))%(dp + (4 (e (2

- /f (t)lat

For vector fields F(z,y, z)
b
/ F.dr= / Pdz 4+ Qdy + Rdz = / F.Tds = / F(r(t)) -7 (t)dt (3)
C c c Ja i

1.2 3C

//f(x,ydA //fxydydx—//fxyda:dy (4)

D={(z,y)|la<z<bgi(z) <y < golz)} (5)

//fxydA // (z,y)dA = //:(Q:C) f(z,y)dydz (6)



1.3 4C

B rha(9)
//f(m,y)dA=/ / f(rcosf,rsin@)rdrdd (7)
D a Jhi(6)

1.4 5C
For general surface.
u,v) = (z(u, v), y(u, v), 2(u, 2)) (8)
A = [ [ ulw) % 7w )14 o
For graph, (u,v) is (z, ) |
(2,9, f(2,9)) € R,z = f(z,y) (10)

= [ [ i sas 1)
1.5 6C
///laf(m,y,Z)dV=Lf /cd/abf(x,y,é)dxdydz (12)

= {(z,y, 2)|(z,y) € D,u1(z,y) < 2 < ua(z,y)} (13)

uz fﬂy)
(z,y,2)dV = ,2)dz| dA 14
Then it is just a questlon of 3C.
D={(z,y)la<z<bgi(z) <y < go(z)} (15)
g2(x) uz(z,y) ‘

/// f(z,y,2)dV = /a {/g](r) {/m(m’y) f(z, v, z)dz} dy] dz  (16)

1.6 7C |
— {(&,5,2)I(z,9) € D, ur(2,y) < 2 < ua(2,9)} (17)

///fmy’z)dv // [/::Zy wy,Z)dz} A (18)

Then it is just a question of 4C. (Do not forget )

uz(r cos@,rsin 6) )
/// f(z,y,2)dV = / / / f(rcos®,rsin b, z)rdzdrdf
h1(8) Jui(rcos@,rsind)

(19) -



1.7 8C
E={(p0,¢):a<0<B, c<¢d<dgq(8¢) <p<gab,d)} (20)

we have

d ,3 92(9!¢)
///f(a:,y,z)de/_/ / f(psin ¢ cos b, psin ¢ sin @, p cos ¢)p? sin pdpdfdep
/ FE c a Jg .

l(evd))
(21)
1.8 Which part is most difficult
Describe E and D.
1.9 Some Properties
/ f—i—ngz/ de+/ng (22)
X X X
/ cdezc/ fdy (23)
X X
/ fav = [ fav+ [ fay (24)
X14+Xo X1 X2
1.10 Some definitions
Mass, center of mass.
2 Green’s theorem
We start with reviewing fundamental formula:
| v#-ar= 151e) - £7(@) (25)

So for closed C, we have fC Vf-dr =0. How about general F=Pi+ Qf?
what is [, F - dF?

First, don’t forget the curve has direction. Let’s define positive orienta-
tion closed simple curve C: 7(t),a <t <b.

1. closed: 7(a) = 7(b)

2. simple: for any a < ¢ # d < b, 7(c) # 7(d)



3. positive orientation: counterclockwise.

Green’s theorem: ‘

Let C be a positively oriented, piecewise-smooth, simple closed curve in
the plane and let D be the region bounded by C. F = Pi+Qj. If P and Q
have continuous partial derivatives on an open region that contain D, then

/CF~dF=/CPdm+Qdy=//]3(%%~%§>dA (26)

If C is negatively oriented? Notations. Add a O to [, it looks like §.

Example: Evaluate § z*dz + zydy, where C is the triangular curve con-
sisting of line segments form (0,0) to (1,0), form (1,0) to (0,1) and form
(0,1) to (0,0) '

fﬂdw—l—mydy = //D (g—g— — %;) dA = /01 /01_%(y—0)dydo: : % (27)

If the region bounded by C is a disk or semi-disk, we can use polar
coordinates.
For a D, we can use green’s theorem to calculate the area of D. Choose

P and Q s.t. (%i)t—g—l;):l

//DldA=//D(%%—%)M:/Oﬁ-df:/cpdﬁ@dy (28)

We can choose:
L P(z,y)=0,Q(z,y) ==

2. P(.Z',y) = —yaQ("my’) =0
3. P(.’l),y) = —y/z)Q(‘T7y) = $/2 )

So, we have .
A(D) = § ady= - ¢ ydo = ; § (zdy - yao) (29)
c c 2
Example: Find the area enclosed by the ellipse:
22 42
) + i 1 (30)

The closed curve for the boundary is z = acost, y = bsint. (Check the
orientation)

. 1 2m
A= ‘7{ (xdy — ydz) = gzé/ dt = mab (31)
2 2 Jo

There is a relative easy way. zdy = acost dbsint = ab(cost)?.

4



3 Curl and Divergence

For vector field F = Pi+ Qj + Rk (must be three dimensional), Curl of F
is defined as follows

i (O _9Q\z (9P OR\= (0Q OP\4
CWIF~(8y 8z>z+(82 8m>]+<8$ 8y>k (32)

How to remember this?
Theorem:
If f is a function of three variables that has continuous secondary order
partial derivatives, then
curl V=0 (33)

Since a conservative vector field is one for which F = V f, then with this
theorem, we know that if F' is conservative , then curl F' = 0.



Note 22, Math21A -

J. Yin
April 23, 2009

1 Curl and Divergence

1.1 Curl

For vector field F = Pi+ Qj + Rk (must be three dimensional), Curl of F
is defined as follows

. (8R 8Q\. (8P OR\- [8Q OP\ -
- % or _on 9L _ 9 1
curl I <8y az)”(az 3:0)”(635 a;,)k (1)

How to remember this? Do you remember V?

vf :,(f:c>fyafz> (2)
We can write V as a vector as follows:
0- 0- 0O
_ 0> 0= 0. (3
v 3mz+8y]+azz 3)
Then we can remembér the definition as
curl F=V x F (4)

1. For the stucients who are familiar with determinant, We know @ =
(CL], ag, (13), b= <b17 bQ, b3>

g = ~

B T 7k
axb=|a ay a3 (5)
by by b3

Replace @ with V and b with F

(6)

O Yo~y
2 Yo a1

Let’s calculate this determinant. It is equal to Curl F.



)

2. It can also be remembered by the following method (the way I like to

use)
1-2-3,2-3-1,3-1~2 (7)

Theorem 1:
If f is a function of three variables that has continuous secondary order

partial derivatives, then
curl Vf =0 , (8)

Since a conservative vector field is one for which F = v f, then with this
theorem we know that if F' is conservative , then curl F=0.

On the other hand, we have the followmg theorem.

Theorern 2:

If F is a vector field defined on all of R whose component functions
have continuous partial derivatives and Curl F= 0, then F is conservative
vector field.

. The next question should be: if we use F is conservative then how can
we find the f s.t. Vf = F.

Example:

Show that F(z,y, 2 ) Y223 + 2xyz3f+_ 3zy%2%k is conservative. Find a
function f s.t. Vf = F.

First, we calculate V X Fi

'

V x F = (6zyz? — 6zy2?)i + (3y%22 — 3y°22)7 + (2y2° — 2y2°)k =0 (9)
We need to find a f s.t ;

fo =y -~ (10)
So, f(z, y., z) = zy?23+g(y, 2). Again with f, = 2zyz3, We have gy (y, z) = 0,
which implies g(y, z) = h(z). At last w1th f. = 3zy%22, we have h(z) is
equal to constant. So f is equal to zy?z® + constant.
1.2 Divergence

Definition: For vector field F = Pi + QJ + Rk

. ., OP 0Q  OR
divF = oz + By + 5 | (11)

If we consider V as vector, we can write it as

divF =V F (12)



Compare grad f, curl F, div F.

By the definition, we have the following theorem.

Theorem 3:

If F is a vector field defined on all of R3 whose component functions
have continuous partial derivatives, then

div (v x ﬁ) =0 (13)

With this theorem, for fixed ﬁ, we can answer whether there exist G s.t.
F=aG.
Give a hint for question 30.

2 Surface Integrals

New kind of integrals? Right, actually two kinds of new integrals.

2.1 Surface Integral of Scalar field

Definition: ;

Let #(u,v), (u,v) € D be the surface and f(z,y, 2) is the integrand. Di-
viding the surface into small pieces (actually we divide the D in the paramet-
ric space into small pieces ) and pick one point on the each piece, calculating

the Riemann sum
. m n )
DD f(P)AS, (14)

1=1 i=1

where S; ; & |7y x 7| AuAwv. In the limit m,n — oo, we have

//Sf(a:,y,z)dS: l,‘ﬂoozzf ASU—'//f ) |7 x 7| dA

i=1 =1
_ (15)
Compare this formula with the the formula for surface area.
For graph?? (z,y,2) = (z,7,9(2,9))-

//fxy, )dS = //fmy, g9(z,y) \/1+g%+g2dA (16)

Mass: »
m= [ o(ay,2)ds (an)
S



and center of mass is (z, 7, Z)

o fS mp(m,y,rz)ds

I = 18
fsp(z7yaz)d’s ( )
so as Y, 2
2.2  Surface Integral of vector field
Recall the line integral of vector field.
| FTas | (19)
o

It is equal to line integral of F.T. The Surface Integral of vector field is

kind like this. - ‘ :
//ﬁ%e//ﬁﬂw (20)
S S
Here 77 is the normal vector. (YOU MUST PICK ONE of TWO).
Ty X Ty
[P X |

//Fcﬁ i// (7 x 7)dA (22)

In the case of a surface S given by a graph z = g(z,y), we can think of z
and y as parameters and we obtain:

=+ (21)

So we can see

N R o 7 39—»'_ 09~ 7
So we have
[ = dg dg
‘ F -dS =+ (——Pax — Q + R)dA (24)

Example: S is the surface of sphere with radius a and F i is (z,y,z). [ f S
as? z
Surface of sphere, we use

7= (asin¢pcosf,asinpsinh,acosh), 0<p <7, 0<0 <27 (25)

we have:
Ty X Tg = asing 7 (26)

4



g S

is it outward or inward? If we pick the outward S, we have

2r pw
// F. (T x T9)dA = / / (2 sin® ¢ cos ¢ cos 0 + sin® ¢ sin? 0) dpdf
D o Jo . @)
It is equal to 47/3. ,

What is meaning of [ [, F - dS?

Let S is a oriented surface with unit normal vector 7. and image a
fluid with density p(z,y, 2) and velocity field v(z,vy, z) flowing through S.
(Think of S as an imaginary surface that does not impede the fluid flow,
like a fishing net across a stream) Then the rate of flow (mass per unit time)
per unit area is pU. For a small piece S; ;, we can estimate that the mass of
fluid crossing S; ; per unit time is about

pv - nA(S;;) - (28)

The total mass of fluid crossing the surface is

> o nA(S; ;) (29)
i3

/ /S ¥ ndS : | (30)

If we write ' = p7, we get s F'-ndS is the flux of F across S.
It is a very useful integral in physics.

So in the limit, we have



Note 23, Math21A
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1 Stokes’ Theorem

1.1 Stoke who?

Do you remember we have a theorem (green’s theorem) tells that line integral
of vector fields (on plane) is equal to some double integrals on the plane.

How about a curve in space? First let’s look at the surface with only
one side.

Stokes’ Theorem Let S be an oriented piecewise-smooth surface that
is bounded by closed, piecewise-smooth boundary curve C with positive
orientation. Let F' be a vector field whose components have continuous
partial derivatives on an open region in R3 the t contains S. Then

/Cﬁ-dr=//SVﬁ~dS (1)
/Oﬁ~dr=/cf-fds,/LVF-dSz//gVF-ndS (2)

Stokes’ theorem says that line integral around the boundary curve of S of
the tangential component of Fis equal to the surface integral of the normal
component of Curl of F.

What is relation between T and 7?7 If you walk in the positive direction
around C with your head pointing in the direction of 7, the surface will
always be on you left. ' '

It holds for Any surfaces with the same boundary.

Since



1.2 Examples

Example 1:" Evaluate foﬁ . d, where F = ( y? % z,2%) and C is curve of
intersection of plane y + z = 2 and cylinder z2? + y? = 1. (oriented C to be
counterclockwise when view from above)

Solution: Although [ CF . d7 could be evaluated directly, it’s easier to

use Stokes’s theorem. We first calculate CurlF.
CurlF = (1 + 2y)k (3)

There are many surfaces we can choose, but we like to choose the most
convenient one, which is the one in the plane y + z = 2. This is graph:

{(z,y,2-y):2® +y> < 1} (4)

Now, we need to calculate the surface mtegral of vector fields (1 + 2y)k
Recall the formula: So we can see

.//SVﬁ'dS=ﬂ://DvF-<f‘uxmdA | (5)

In the case of a surface S given by a graph z = g(x,y), we can think of =
and y as parameters and we obtain: (Here VF = Pi+ Qj + Rk)

s A — —_ s hrd g a rd a hrd
VE . (7 x 7)) = (PT+ QJ + RE) - (‘55“3—9 +5) (6)

//VF ds = :I:// P—— +R)dA (1)

In our case, P = @ = 0, D is disk.

//D(1+2y)dAﬁ/OZW/Ol(1+2rsin9)rdrd9=w | (8)

Example 2: Compute the integral f IR CurlF dS, where F = (zz,yz,xy)
and S 1s the part of the sphere z2 + 4% + 22 = 4 that hes inside the cylinder
22 + y% = 1 and above the = — y plane.

Solution: First we can find this curve(the boundary of the surface):

So we have

7(t) = costi + sint] + V/3k (9)



With Stokes’ theorem

/_/SVﬁ'dSZ/Cﬁ'dF:/O%ﬁ(F(t))-'F'(t)dt (10)

Just inset (9) into (10).
2m

/’27r E(F()) -7 (t)dt = (—V3costsint + v3sincost)dt =0  (11)
0 : 0

Again, in general, if S; and Sy are oriented surfaces with the same oriented
boundary curve C, then

// vﬁ~d5:/ VE . dS (12)
S1 S

2 Divergence Theorem

2.1 Divergence is not someone’s name

We have seen that the integral .on closed curve C is equal to some other
integral on the surface whose boundary C. Now we are going to see the
integral on closed surface S is equal to some other integral on the solid
region E' whose boundary S.

Divergence theorem:

F.dS »z divFdV ' (13)
[ fFas=[ ] [ e |

Is there anything missing? S is positive(outward) orientation.

2.2 Examples

Example 1: Find the flux of the vector field F = (z,y,z) over the unit
sphere z2 4 % + 22 = 1.
Solution: First we calculate divF' = 1. So

//gﬁ-dng//jgalldivﬁdV=4ﬂ/3 (14)



2.3 Source and Sink
Think F as the fluid flow. We know

// Balzdwﬁ%//sF'ds (15)

When the ball is very small, we have

- 1
divF (Py) ~ m//gﬁ‘-ds - (16)

So the divF(Py) is the net rate of outward flux per unit volume at P. If
divF(Fp) > 0, the net flux is outward near P and P is called source. If
divF(Py) < 0, the net flux is inward near P and P is called sink.



Note for Final exam, Math21A

J. Yin
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0.1 EXAMS COMING.HOW??
Every College Students Least Favorite Time of the Yealj.

1. Redo the homework |

2. Practice the old exams

3. Review the notes and questions we used in class.

4. Make a list of all the concepts and.types of questions you have seen.
There are some easy ways:

1. Call the police and say you placed a bomb in the classroom so they
have to cancel the exam.

2. Write the whole book on yoﬁr boots(Find a big one)/ For boys, get a
 'big tie. |

3. Hack my computer.
4. Believe me, Peter don’t remember the face of everyone.

For each subtitle, we need to know what is that, how to describe it, how to
calculate it, what kind of questions we have seen about it.

1 Before the first midterm exam

1.1 Vector
Vector, Dot Product, Cross Product.



1.2 Coordinate System

1. Plane: Rectangular Coordinate System, Polar Coordinate System
2. Space: Rectangular Codrdinate System, Cylindrical Coordinate Sys-
tem and Spherical Coordinate System
1.3 Plane and line

Equations for plane or line. Distance between different objects.

1.4 Surface and Graph

Parameterization of surface. what’s Graph? Do you remember the quadrics
in Table two Pg682.

1.5 Space Curve

Parameterization of curve, tangent vector, normal vector, binormal vector,
normal plane, binormal plane. ' '

1.6 Partial derivative

fzy fys fay> foz- Check your calculation.

-2 Between the first midterm and the secondone

2.1 Linear approximation

How can we estimate f(z,y, z) or f(z,y) with Linear approximation?

2.2 Directional derivatives and Gradient vector

Dy f(z0,y0) is a number but V f(zo,yo) is a vector. With gradient vector,
we can easily obtain the tangent line in contour map and tangent plane for
surface.

2.3 Maximum and Minimum

1. Critical point, local minimum point and local maximum point, saddle
" point. Second derivative test.



2. How can we find critical points on contour map and classify them?
Circle and Cross.

3. How can we find the maximum or minimum in some region?

2.4 Chain rules and implicit question

Will not be harder than Hws

2.5 Lagrange Multipliers

Typical question: Find the maximum or minimum values of f subject to
constraint g(x,y,z) = k. The method is clear. But it is easy to make
mistake.

2.6 Fubini’s Theoi‘em

Sometimes you need to change the order of dxdy

2.7 Double integrals in Polar coordinate

Don’t forget r.

2.8 Mass and Center of Mass
fD Zp(:l?, y)dA
fD p(m, y)dA

T =

3 Eleven Kinds of integrals

1. 1A: On line segment.

2. 1B: line integral of Scalar field: a function f and curve. Use the
formula and get the correct answer. But sometimes the question does
not give you the curve directly. '

3. 1C: line integral of Scalar field: a vector function F' and curve. Use
the formula and get the correct answer. But don’t forget the direction.

4. 2A: 2D- rectangular CS. dxdy. Fubini Theorem. Type one, type two.
5. 2B: 2D- Polar CS. drdf. r there is a r.



10.

2C: Surface integral df Scalar fields: the special case is surface area,

ie, f=1. ’
/ /D Flu,0) [Fa x 7] dA @)

D is subset in u — v plane. But sometimes the question does not give
you the surface directly

2D: Special case the Surface is a graph

//Df(fc,y,g(w,y))\/l + g2 + gldA (3)

D is the project of the graph on z — y plane.

. 2E: Surface integral of vector fields: F - . Pick the orientation of the

surface.

/ /D Fu,v) - (7 % 7)dA ()

D is subset in u — v plane.

. 2F: Special case the Surface is a graph. If F = (P,Q, R)

s Pay = Qac + )i (5)

Dis the prOJect of the graph on = — plane.;

3A: 3D- rectangular CS. dzdydz. Fubini Theorem. Type one, type
two, type three. Practice more.

/// f(rv, y,z)dV = /f /d /bf(:c,y, z)cémdydz (6)

={(z,y,2 )I(z y) € D,ui(z,y) < 2z < ua(z, )} ()

uz(z,y)

,2)dV = v, 2)dz| dA (8

///fxyZ) //M(M)ﬂmyz)z ®)
Then it is just a question of 2A. |

D={(z,9)a <z <bg(z) <y<gz)} )
02(@) [ fualey)

[ ] [remnar= |77 e o] ] o
- (10)

You may realize many questlon only tells you the solid is bounded by
what , what and what. (really hard)

4



11. 3B: 3D- Cylindrical CS. drdfdz. r

E = {(z,9,2)|(z,9) € D,ui(z,y) < z S uglz,y)} . (11)

///fcc y,2)dV = // /uuz(m,y f(z, y,z)dz} de (12)

1(m,y
Then it is just a question of 2B. (Do not forget r)

h2(6) rcoersmO
///f(a7 y,2)dV = / / / f(rcos,rsin, z)rdzdrdf
h1(0) Jui(rcosb,rsinb) /

(13)

12. 3C: 3D- Spherical CS. dpdfds.
E={(p0,0):a<0<B,c<¢<dgi(0,¢) <p<g2(6,0)} (14)

we have

92(0,9) ‘

/// f(z,y,2)dV = / / / f(psin ¢ cos B, psin ¢sin 8, p cos ¢)p* sin pdpdfde
91(0,8)
1 (15)

Note: We did not study any 3D integrals of vector fields.

4 Higher-dimensional Version of the Fundamental
Theorem of Calculus

gradf=Vf, CurlF =V x F, divF=V-F

1. Fundamental Theorem of Calculas:
b 4
/ F'(a)de = F(b) — F(a) (16)
a
2. Fundamental Theorem of line integral:

/ Vf - di = f(7(a)) — (7)) o an

3. Green’s theorem F = Pi + Qj on z — y plane

IS o



4. Stoke’s theorem F=Pi+Qj+Rk

.//Vxﬁd5=/ﬁmﬁ
S C

5. Divergence theorem F=Pi+ Q;—l— Rk :

//Avﬁw:/éﬁdg

How to check a vector field F is conservative or not? F =V f-

0Q 0P e
or By =0, F_PZ+QJ
VxFEF=0

HQW to check a vector field F = V@G or not? divF =0

4.1 Relation between different integrals

1. 1A knows everyone

2. 1B knows 1C (F ’f) so as (2E, 2C) and (2F, 2D)

3. 3A knows 2A, 3B knows 2B.

4. 1C knows 2A, with green’s theorem, only planar curve.

5. 1C knows 2E, with Stokes theorem.

[=>}

You may find more.

(21)

(22)

. 3A, 3B, 3C know each other, they know 2E, with divergence theorem.



